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Abstract

A decisionprocedue for a theoryof arraysis of inter-
estfor applicationsin formal verification, program analy-
sis,andautomatedheolem-poving. Thispaperpresentsa
decisionprocedue for an extensionatheoryof arraysand
provesit correct.

1. Intr oduction

A decisionprocedurdor atheoryof arraysis of interest
for applicationsin formal verificationand programanaly-
sis. Sucha procedurds alsoof valuefor theorem-proers.
The PVS theorem-prger[11] hasan undocumentedieci-
sion procedurefor a theory of arrays[12], andHOL has
someautomaticsupportfor a theoryof arraysvia alibrary
for finite partialfunctions[3].

Two kindsof arraytheorieshave beenstudiedpreviously.
Extensionatheoriegequirethatif two arraysstorethesame
valueat index i, for eachindex i, thenthe arraysmustbe
the same. Non-extensionaltheoriesdo not make this re-
quirement.This paperis thefirst to present procedurdor
checkingsatisfiability of arbitrary quantifierfree formulas

in anextensionakheoryof arraysandproveits correctness.

2. Theoriesof arrays

Decisionproceduredor varioustheoriesof arrayshave
beenstudiedpreviously. Most of thesetheoriescanbe di-
videdinto extensionabndnon-etensionabarieties.In this
section,several families of arraytheoriesare axiomatized
in classicalffirst-ordermulti-sortedlogic with equality The
theoryArr decidedn this papetis thenpresenteéndcom-
paredto previously decidedheories.

1This papemwaspublishedn the proceeding®f the 16th Annual IEEE
Symposiunon Logic in ComputerSciencgLICS), 2001.
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2.1 Thelanguage

Sorts Thelanguagehasa basicsort I for indicesinto
arrays. It alsohasvalue sorts,which arethe sortsof indi-
vidualsthatmay be storedin arrays.The sortV is the sort
for primitive valuesstoredin arrays. The setof valuesorts
is definedto betheleastsetX satisfying

e VeX
eTeX —array, € X

Every valuesortexceptV is anarraysort. The valuesorts
togetherwith I areall the sortsof the language.V and T
neednot bedistinct.

Definition 1 (dimensionality of a value sort) The dimen-
siondim(7) of a valuesort T is definedby

. dim(V) =0
e dim(array,) = dim(7) + 1

Terms The languagehas countablyinfinitely mary
variablesand constantswith countablyinfinitely mary of
eachdistinct sort. The constantsare uninterpretedjn the
sensethey will not occurin any axiom or axiom scheme.
Thefunctionsymbolsof thelanguageare

o read, of type(array, — I — 7), for everyvaluesort
r

o write, of type(array, — I — 7 — array, ), for every
valuesortr

Subscriptson readandwrite will generallybe omitted. In-
formally, reada, 7) will denotethevaluestoredn arraya at
index 4, andwrite(a, 7, v) will denoteanarraywhich stores
thesamevalueasa for everyindex exceptpossiblyi, where
it storesvaluew.

Termsarebuilt up in the usualway from constantsand
variablesusingthe function symbols. Termswhosesortis
anarraysortwill be calledarrayterms. Termswhosesort



is I will be calledindex terms. The dimensiondim(a) of
anarrayterma is the dimensionof its sort. If dim(a) = n,
arraya is saidto ben-dimensionallf n > 1, a is alsosaid
to bemulti-dimensional.

Formulas Theatomicformulasof thelanguagearethe
equationsbetweentermsof the samesort. Formulasare
built up from atomicformulasusing propositionalconnec-
tivesandquantifiersn theusualway. A formulais closedif
it hasnofreevariables A literal is anatomicformulaor the
negationof anatomicformula. A theoryis a setof closed
formulas.

2.2 Theories

Sometheoriegestrictwhich arraysortsareallowed. If a
theoryallows arraysortsof dimensioratmostn, it is saidto
have just n-dimensionakrrays.If atheoryallows all array
sorts,it is saidto have multi-dimensionahrrays.

The following scheme,which is schematicin a value
sortr, is calledthe read-wer-write axiom scheme.Infor-
mally, it saysthatfor all arraysa, indicesi andj, andval-
uesw of suitabletype,readingthevaluestoredatindex j of
write(a, i, v) is v if thetwo indicesareequalandreada, 5)
if they aredifferent.

Axiom schemel (read-over-write)

Va:array, .Vi:I.Vj:I.Yv:V.
(i = j — readwrite(a, i,v),5) =v) A
(1 # j — readwrite(a, i,v),j) = reada, j))

Thefollowing schemewhichis schematién avaluesort
T, is called the extensionalityaxiom scheme. Informally,
it expresses principle of extensionalityfor arrays:if two
arraysstorethesamevalueatindex ¢, for eachindex i, they
areequal.

Axiom scheme2 (extensionality)

Va:array,.Vb:array, .
(Vi:I.reada,i) =readb,i)) > a=0»>

The extensionaltheoriesare thoseaxiomatizedby the
read-werwrite and extensionality axiom schemes. The
non-extensionalttheoriesare thoseaxiomatizedby just the
read-werwrite axiomschemeNotethatsinceatheoryis a
setof closedformulas,quantifierfreearraytheorieshaveno
variablesall 0-ary symbolsare(uninterpretedronstants.

2.3 The theory Arr

The theory Arr decidedin this paperis the quantifier
free fragment of the extensional theory with multi-
dimensionahrrayswheresortV is definedto besort/. So
indicesarethevaluesstoredin 1-dimensionahrrays.

The restrictionto the quantifierfree fragmentis justi-
fied by the factthat the fully quantifiedtheoryis undecid-
able, evenin the absenceof the function symbolswrite,
and the read-werwrite scheme. This is becausesingle-
sortedfirst-ordertheorieswith functionsymbolsandequal-
ity may be translatednto this arraytheoryin sucha way
that a first-orderformulais valid iff its translationis. The
translationmapsconstantsymbolsto index constants-
ary function symbolsto n-dimensionalarray constants,
and terms like f(1,...,%i,) t0 nestedread expressions
read...readread f’,i}),4) . ..,4,), wheref' i}, ... i,
arethetranslationsof f,i4,...,4,. Theundecidabilityre-
sultsfor classicafirst orderlogic with justfunctionsymbols
andequality(see.e.g.,[5]) canthenbeappliedto shav that
evenquiterestrictedquantifiedfragmentf the extensional
theoryof arraysareundecidable.

A decisionprocedurefor Arr may be useful even for
applicationswhich requirea fully quantifiedlogic. Many
theoremprovers, suchas the widely usedPVS[11], pro-
vide stratgjiesto reducegoalsto subgoalsn decidabldrag-
mentsof theirlogic.

2.4. Comparisonwith relatedwork

In thissection relatedwork is summarizedby describing
whichtheoriesaredecided.Thesetheorieftenuseaxiom-
atizationsdifferentfrom but equivalentto thatof Arr . All
the theoriesdecidedare quantifierfree. Kaplanis the only
oneto distinguishthe sortsV andI. Many of the previous
theoriesallow arithmeticoperatorsor uninterpretedunc-
tionsover sortI to beusedin additionto the symbolsread
andwrite. Therestrictionhereto justthe essentiatheoryof
arraysis justified by the factthat, aswill be shovn in Sec-
tion 6 below, the satisfiabilityprocedurdor Arr is suitable
for incorporationinto aframework for cooperatinglecision
procedure$2]. In suchaframework, separatelecisionpro-
ceduredor arithmeticand uninterpretedunctionsmay be
combinedwith thedecisionprocedurdor Arr to decidethe
combinedtheory

Thefirst two works presentaxiomshbut no decisionpro-
cedurefor their theories. With the exceptionof Levitt's
work, the othersgive decisionproceduregor theoriesthat
arestrictly wealerthanArr , eitherbecausehey restrictthe
form of formulasin thetheory(e.g.,to just equations)dis-
allow equationdetweerarrays,or arenon-etensional.

McCarthy In [8], McCarthy introducesthe function
symbolsreadandwrite andgivesaninformal semantic$or
anextensionatheoryof arraysbhasedn them.

Collins and Syme Collins and Symepresentin HOL
atheoryof finite higherorderpartial functionssimilar to a
theorywith multi-dimensionakrrayg[3].

Kaplan In [6], Kaplangivesa decisionprocedurdor a
non-extensionalequationatheorywith just 1-dimensional



arrays. He considersequationsbetweenindex termsonly,
whichis reasonablsincehis theorycontainsno non-trivial
equationdbetweerarrays.He thenshowvs how to extendhis
procedurdo decideanextensionakquationatheory where
theequationsnay be betweerarrayaswell asindex terms.
He imposesthe restrictionthat distinct variablesof sort I
mustreceve distinctinterpretations.

Suzuki and Jefferson In [15], Suzuki and Jefer-
sonpresenta decisionprocedurefor a theorywith just 1-
dimensionahrrayswhereequationdetweerarraysarenot
allowed. The theoryhasaxiomsfor extensionalityandthe
existenceof constantirraygarrayshatstorethesamevalue
atall indices),but theseappeato beincludedfor technical
reasonsonly; the theory decidedis equialentto the one
without those axioms under the restrictionsthey impose.
They extendtheir procedureo decidea theorywith a new
predicatesymbol PERM where PERMa, b) holdsiff the
multiset of the valuesstoredin a is containedin the mul-
tiset of the valuesstoredin b. Sentencesf the theoryare
restrictedto the form P — PERMa, b), where P is ary
(quantifierfree) sentencenot containingPERM Arr does
not have the PERM predicate,but inspectionof the way
SuzukiandJefersonextendtheir algorithmto treatPERM
shavsthatit couldjustaseasilybeusedto extendthealgo-
rithm for Arr , aslong astheir restrictiondisalloving equa-
tionsbetweerarraytermswereretained.

Downey and Sethi In [4], Downey and Sethipresent
a decisionprocedurefor an extensionalequationaltheory
with just 1-dimensionalarrays. Equationsbetweenarray
termsareallowed. They provethatdeterminingheinvalid-
ity of anequationin theirtheoryof arraysis NP-complete.

Nelsonand Oppen In[10], NelsonandOppendescribe
anextensionaltheoryof arrays. Their theoryallows multi-
dimensionalarrays. They do not presenttheir satisfiabil-
ity procedurefor the extensionalttheory but in [9], Nelson
givesadetailedpresentatiomf a satisfiabilityprocedurdor
anon-etensionatheory

Levitt In Chaptel5 of hisPhDthesig7], Levitt presents
a decisionprocedurefor an extensionaltheory of arrays
basedon solving equationsand canonizingterms, in the
style of Shostak[13]. A detailedproof of correctnesss
not given, and hasproved elusive to the authors. In con-
trast,a detailedproof of correctnesss givenbelow for the
procedurdor Arr .

3. The satisfiability procedure for Arr

Arr is decidedby arefutationprocedureTheprocedure
decidessatisfiability of conjunctionsof literals, which are
equationsanddisequationdbetweernterms. Decidingsatis-
fiability of arbitrarybooleancombination®f atomicformu-
las canbe reducedto this problemby well-known means.
A conjunctionof literals whosesatisfiabilityis to be tested

will becalleda goal. Commawill be usedto denotecon-
junction. Two goalsaresaidto be equisatisfiablevhenone
is satisfiablaff the otheris.

3.1 Informal overview

The procedureworksin two phases.In the first phase,
the original goalis transformednto a setof subgoalsuch
that (i) no subgoalcontainswrite and (ii) the original goal
is satisfiableiff one of the subgoalds. Eliminating write
expressionds straightforvard exceptwhenthey occuras
theleft or right handsideof anequation.How to eliminate
suchoccurrencesf write expressionss the crucialinsight
of thisalgorithm.

Definition 2 (=)

a=z1b Vi:I.i¢T—reada,i)=readb,q)

“def

Formulasof theforma =7 b with Z # () are called patrtial
equations.

Thecrucialobsenationis that
write(a,i,v) = b & (a =g bAreadb,i) = v).

write expression®ccurringassidesof equationamaythus
beeliminatedby introducingpartialequations.

The secondphaseof the procedures basedon the ob-
senation that in the absenceof write, arraysbehae like
uninterpretedunctionsandread behaeslik e function ap-
plication. Soin the absencef write, a congruencelosure
algorithm(cf. [1]) could be usedto decidethe theory The
algorithmmustbe modifiedto work with partial equations
aswell asequationsbut thiscanbedone.For simplicity, the
verysimplecongruencelosurealgorithmdescribedn [14]
is used butit shouldbe possibleto modify amorecomplex
algorithm.

3.2 Formal presentation

Figure 1 presentour procedureasa proof system.The
proof system determinesa non-deterministicprocedure,
whererules are appliedbottom-upto analyzea goal into
one or more subgoals. The systemmay be thoughtof as
a rewrite system,where,for eachrule, the goal below the
line is rewritten to the subgoalsabove the line. The sys-
tem resemblesa Gentzen-Sciitte systemwhereonly left
rulesof the correspondingequensystemareused(i.e., a
sequentsystemwhere sequentsare restrictedto be of the
formT = 1). Thederivableobjectsof this systemaresets
of literals. It is intendedthata setof literalsbe derivableiff
their conjunctionis unsatisfiableA deductionof agoalis a
treeobtainedby applyingthe proof rulesbottom-upto that
goal. A goalto which no rule canbe appliedis saidto be
normal



Phasel:

I, reada, k) # readb, k)

(ext) T, aZb k is notfreein the conclusiona andb arearrays
F[U]v 1= F[reac(a,j)], LF ]

(-overw) I'[readwrite(a, i,v), j)]

(w-elim) I'Na=zb i€l T,a=,70b, readb,i)=v,i¢7Z

I, write(a,1,v) =z b

F, b:IU,

(W-elim-helper) m
’ -7

b is awrite expressionanda is not

Phase2:

(partial-eq) I, a=zb, reada,i) = r??(ib’:i;’bi g7 T,a=zb, i€l
wherea = b; Z # 0; reada, i) occursin T

(trans) I, a ?’I S’ZCLI:b’I’ac’:bII:CIUI/ ¢ IT#0andZ' # 0

(subst) % x =y, xZy,znotinI[]

(symm) T w <y

Both phases:

i o e e v 7 0y

(e-empty) W (ax) m

Figure 1. The decision procedure as a proof system



The systemhastwo phasesSomerulesmay be applied
in just one phase,while othersmay be appliedin either
phase.The rulesof phasel areappliedto a goal until no
rule applies,andthentherulesof phase? areapplied. The
procedurestopsandreportsthatthe original conjunctionis
satisfiablef it encounters normalsubgoal. Otherwise it
reportsthatthe original goalis unsatisfiableAs mentioned
before phase? is amodifiedcongruencelosurealgorithm.
The core congruenceslosurealgorithm consistsof just the
rules(symm)and(subst)[14].

The set-theoreticoperatorshave their usualmeanings;
notethati,Z denotes{i} U Z, whereZ doesnot contain
i. T'[] denotesa contet, which is an expressioncontain-
ing oneor more occurrence®f a singlefree variable. The
expressionobtainedby substitutingthe term¢ for the con-
text’s free variableis written I'[¢]. In therule (subst),since
the side conditionrequiresthatI'[] containno occurrences
of thetermz, applying(subst)replacesll occurrencesf x
in T'[z] with thetermy. = denotessyntacticidentity. The
symbol < denotesan orderingon termsby size, which is
definedontermsin theusualway. Letx < y iff z andy are
suchthatthe sizeof z is lessthanor equalto the sizeof y.
Thevariants< and> arederivedfrom < in theusualway.

3.3 Avoiding non-termination in phase2

In phase2, applicationsof (partial-eq)and (trans)must
be restrictedto avoid certain sourcesof non-termination.
Thereis nothingpreventing(partial-eq)and(trans)from be-
ing appliedrepeatedlywith the samepartial equationspe-
causdor bothrules,thepartialequationsareretainedn the
goal. For (partial-eq),this form of non-terminatiormay be
preventedby addinga side conditionto the rule that pre-
ventsit from being appliedif, informally, reada,:) and
readb, ) arealreadyknown to be equalor if 7 is already
known to be equalto anelementof Z. Formally, the proce-
durecantestwhetheror nott andt¢’ arealreadyknown to
beequalby applyingall therulesof phase2 except(partial-
eq) and (trans)to the currentgoal with ¢ # ¢' added,and
seeingwhetheror not thatgoalis reportedunsatisfiable If
neither(e-split) nor (¢-expand)appliesto the currentgoal,
thenthisis equivalentjustto comparinghormalformsasde-
terminedby the core congruenceslosurealgorithm. Soin
animplementationthis non-terminatiormayeasilybe pre-
vented. A similar approachcanbe usedto prevent (trans)
from beingappliedrepeatedlyo thesameormulas.There-
guiredmachineryhowever, hasbeenomittedfrom theproof
systemfor simplicity.

4. Corr ectnesof the Procedure

A satisfiability procedures soundiff whenit reportsa
goal unsatisfiablethe goal is indeedunsatisfiable.A pro-

cedureis completeaff whenit reportsa goal satisfiablethe
goalis indeedsatisfiable.A procedureas correctiff it ter-
minateson all inputs,andit is soundandcomplete.In this
section,a detailedproof of completenes®or the satisfiabil-
ity procedurdor Arr is given. The proof of terminationis
routineandomittedfor lack of space.Thefollowing theo-
remimpliessoundness.

Theorem 1 (equisatisfiability) The conclusion of eadth
rule of the systemis satisfiableiff oneof its premisess sat-
isfiable

Proof: Theproofis routine.Considefusttherule (trans).
If @ =z banda =z ¢ aretruein somemodel,thenit is
easyto seeby the definition of =_ thatb =7,z c is also
truein somemodel.If ¢ agreewith a ateveryindex except
thosein 7' anda agreeswith b at every index exceptthose
in Z, thenclearlyi: ¢ Z U Z' impliesthatc agreeswith a at
i andalsothata agreeswith b ati. Hence,c agreeswith b
ati. For the otherdirection,if the premisehasa model,so
doesthe conclusion sincethe conclusionis a subsebf the
premise.c0

Recallthatanormalgoalis oneto whichnorule applies.
By the equisatisfiabilitytheorem o prove completenesef
the algorithmit sufficesto shav that any normal goal is
satisfiable This maybedoneby constructinga modelfor a
normalgoal. Thefollowing lemmais easilyestablished.

Lemma 1 (effectof phasel) A goal that is normal with
respectto phasel of the algorithm containsno write ex-
pressionsandno disequationdetweerarray expressions.

4.1 A corvenientform for normal goals

In preparationfor constructinga model, several trans-
formations,which are not actually performedby the algo-
rithm, areappliedto anormalgoalto give anequisatisfiable
normalgoalT", which is in a more corvenientform. If the
normalgoal containsequationf theform x = z, clearly
they mayberemovedandtheresultwill be equisatisfiable.
Next, modify thegoalby doingthefollowing. Let G bethe
goal asit currently stands. If thereis a term of the form
reada, i) in G thatis nottheleft handsideof ary equation
in G, choosea constantsymbol¢ not occurringin G, and
modify G by replacingreada,) everywherein it with ¢
andaddingthe equationreada, i) = c to it. If thereis no
suchtermreada, i) in G, stop. It is easyto show thatthe
resultinggoalis normalandequisatisfiablevith theoriginal
normalgoal. Thisresultinggoalconsistsof formulasof one
of thefollowing four forms,wherez, y, andz areconstant
symbols:

I. readz,y) = 2



. xz#y

lll. x =7y, whereeveryelemenbfZ isaconstansymbol
V. z=y

Sincethis resultinggoal is normal, no formulaz = y of

theform (V) hasits left handsideappearinganywhereelse
in the goal, sinceotherwise(subst)would apply. LetT be
thisresultinggoal,exceptwithoutthe equationof theform

(IV). T will besaidto bein corvenientnormalform. Any

model M of I" maybe extendedtio a modelof I' with those
equation®f theform (1V) by giving thesamenterpretation
for the constantz asfor the constanty, if M interpretsy,

anda singlearbitraryinterpretatiorfor bothz andy other

wise.

4.2 Construction of a model

In this section,a kind of term modelfor thegoal T in
corvenientnormalform is constructed Several definitions,
in termsof I, arerequired. The factthatthe corecongru-
enceclosurealgorithm(rules(substland(symm))is correct
is used(see[14] for the proof).

Definition 3 (—_and «+_) Let—_and«_ betheternary
relationsdefinedyespectivelyby

a—zb iff
a<z1b Iiff

(a=zb)el
(b=j_'a)EF

Notethatfor ary Z, -7 and—7 neednotbesymmetric,
since(a =z b) € I doesnotimply (b =z a) € T.

Definition 4 (~_) Let=_ betheleastternaryrelation sat-
isfying
1. a =9 a, for everyarray constanta appearingin I’

2. (a—=zb)V(b—>za) > a=zhd

Definition 5 (é_) Leté_ betheleastternaryrelationcon-
taining ~_ andsatisfying

(HC. a7 C/\Céll b) — aézuzl b
Definition 6 (é) Let~ bethebinary relationdefinedoy
a~b iff 3T.a~zb

Thecontext will helpdistinguishé_ and~. Notethat~
is anequivalencerelation.

Definition 7 (chains) A chain of applicationsof a ternary
symbolR like ~_ or —_, called an R-chain, is definedto
bea conjunctionof theform (a1 Rz, a2) A (a2 Rz, as) A
... A (an—1 Rz, _, ap), withn > 2.

Thechainisdenoteda; Rz, az Rz, ... Rz,_, an).

n is thelengthof the chain.

Theunionalongthechainis definedto beJ, . ; ., Z;-

The chain is said to be from z to y iff a; = = and
anp =Y.

a_—-a_- ... —=Db

Figure 2. Standard forms for ~_-chains

Lemma 2 (standard form for chains) Supposen ~7 b,
with 7 # §. Thenoneof thefollowingis true:

i. thereis a —_-chainfroma to b or fromb to a, whee
theunionalongthechainis 7

ii. forsomec, thereisa—_-chainfroma to ¢ andanother
fromb to ¢, whele theunionoftheunionsalongthetwo
chainsis 7.

Figure 2 showsthe possibilities.

Proof LetC beas_-chaina; ~z, ... ~z,_, a, from
atob withZ = UJ,<;<,,_1 Zi- AssumeC is of mini-
mal lengthof all suchchains. For everyi with 1 < § <
n — 1, let +; be either »z, or +z,, and supposewe
have a1 +; ... -1 a,. It is easyto prove that if
this latter chain is not of one of the forms describedin
() and (ii), theremustbeani with1 < ¢ < n —1
suchthat <»;_; is «7,_, and <, is —z,. Sowe have
Qi1 <7,_, A —7; Qiy1. So both a; =7,_, @j—1 and
a; =1, a;4+1 arein I'. It mustbethecasethatbothZ;_; and
T; arenon-emptysinceotherwisg(substwould applyto re-
placetheleft handsideof oneof thoseequationdy theright
handsideof the other No rulescanapply; sinceTl is nor
mal. SincebothZ;_; andZ; arenon-empty (trans)would
beapplicable unlesgheconditionsdescribedn Section3.3
for preventingnon-terminatiorwerekeepingit from being
applied. This implies that eithera;—1 =z,_,uz; @i+1 Or
@i+1 =1,_,ut; Gi—1 iSin T, sincea; andas mustbe their



own normal forms as determinedby the core congruence
closurealgorithm. Hence,we have a;_1 ~z,_,uz; Qit1-
Sothechainay N7y - Q-1 R, _UT; Gt -+ NT,_1 On,
whoseunionis Z, hassmallerlengththanC'. This contra-
dicts the assumptiorthat C' is of minimal length of such
chains.O

Now aninterpretation givenasa function [-] from the
constantandfunctionsymbolsof T to their interpretations,
is defined. [_] is definedto map every constantsymbola
of basictype I to a itself. [_] will maparray constant<o
functions. To satisfyextensionality functionsthatgive the
samevalue for every input are requiredto be equal. First

let L~ beanew symbolnot occurringin T', for every ~-
equivalenceclassC. Define[read to be the operationof
functionapplication exceptthatwhenit is given L ¢, it may
justreturn_L¢. Intuitively, for anarrayconstanta, [a] will

be afunction mappingall but afinite numberof inputsto a

defaultvalue L. Formally, suppose: is in é-equ'valence
classC. Define[a] to bethe functionthatreturns_L¢ for
everyinput, exceptthoseassigned/aluesby thefollowing:

Definition 8 (inter pretation of array constants)
for everyconstantsymbolb of the sametypeasa,

for everysetZ sudthata ~z b,
for everyindex constanti notappearingin Z,
if readb, i) = = € I for somez, then
thevalueof [a] for input[7] is definedto be [z].

Notice that the body of Definition 8 may specify the
valuefor [a] oninputi morethanonce.Sofor [ ] to bewell-
defined,if thevalueof [a] oninputi is specifiecto be[z]
and[[z;], we need[z;] = [z2]. Soif a ~z b anda ~ ¢
with ¢ notin Z andnotin Z', thenfor [ ] to bewell-defined,
it mustbethecasethatif readb, i) = z1, reac(c i) = T2 €

T, then[z,] = [z2]. Sincethe conditionsa NI ba~p e

i notin Z, ands notin Z' togetherimply b ~zuz candi
notin Z U Z', thefollowing lemmasuficesto provethat( ]
is indeedwell-defined.

Lemma 3 (well-definednesf []) If a ~z b, i notin Z,
andreada,i) = z1,readb,i) = z, € T, thenz; = z,.

The proof of this lemmarelies on the following sub-
lemma.

Lemma 4 (certain readsequal along chains) Suppose
ai,...,an, andi aresud thata; -z, ... —z,_, a, for
SOmeZy,...,Z,_1, whee i is notin U1<J<n 1Z;. Sup-
posethere is a constantz sud thatreada;,i) = = € T.
Thenreada,,i) =z € T.

Proof Theproofis byinductiononn. Thebasecasastriv-
ial. For theinductioncase,supposaeada,,i) = z € T.

SinceTI is normal, no rulescanapply. So we musthave
7, # 0, sinceotherwise(subst)would applywith a; = as
and reada,,7). Furthermore,since (partial-eq) cannot
apply, it mustbethe casethatthe conditionsof Section3.3
for preventing non-terminationare whatis prohibiting its
applicationwith a; =z, a2 andreada,). In particulay
it must be the casethat reada,, ) is alreadyknown to
be equalto read a;,4). The otherpossibility namelythat
i is known to be equalto an elementof Z, is excluded
becausei is not in Z by hypothesis,and correctnesof
the core congruenceclosurealgorithmwould requires to
appearin Z in anormalgoal if ¢ wereknown to be equal
to anelementof Z. For readas,4) andreada,, i) to have
the samenormalform with respecto the corecongruence
closurealgorithm, we must have readaz,i) = = € T;
this follows from the definition of corvenientnormalform.
Now the induction hypothesismay be appliedto conclude
thatreada,,i) =z € T. O

Proof (of Lemma 3) Supposea ~7 b and suppose
T # 0. Thenby LemmaZ2, thereis eithera —_-chain
from a to b or from b to a, or thereis a constantc

such that thereis a — _-chain from a to ¢ and another
from b to ¢. By Lemma 4, in the first case either
readb,i) = 1 € I' orreada,i) = z» € T', andin thesec-
ond,readc,i) = z1,readc,i) = z3 € I'. Sincel is nor-

mal, for all z, y, andz, readz,:) = y,readz,i) =z € T

implies y = z, since otherwise (subst) would apply.

Soin eithercase,z; = z». If Z = 0, thenit mustbe

the casethata = b, sincereada,i) andreadb,) are
both in T'; otherwise, (subst)would apply. But again,
reada,i) = z,reada,i) =y € T impliesthatz = y. O

Lemma 5 (correctnessof the constructedmodel) The
model constructedin the previous section satisfiesevery
formulaofthegoal I" in convenientnormalform.

Proof Considerthe types(l), (1), and (lll) of formulas
from thelist in section4.1; recall that goalsin corvenient
normalform consistof formulasof just thesetypes.

Casel: read(z,y) = 2z Sincez is anarrayconstant,
x &y x, andsothe constructiorof Definition 8 will assign
thevaluethatfunction[z] takeson argumentfy] to be[z].
Hencefreadz, y)] = [#]-

Casell: z #y Sinceall disequationén I" arebetween
index expressionsg andy mustbeindex constantsHence,
[z] = =z and[y] = y, by construction.If z = y, thenthe
goalwould notbenormal,becauséax)would apply. Sothe
interpretatiorsatisfiesr # y.

Caselll: x =z y It mustbe shovn thatfor every
index constannotin [Z], [«] and[y] give the samevalue.
[«z] and[y] havethesamedefaultvaluesincethey arein the

same~-equivalenceclass. For thoseindex constants not



in Z thatappeain aformulaof theformready,i) = z € T,
they storethe samevalues by Definition 8. O

From the fact that a model hasbeenconstructedor a
normalgoal,the mainresultnow follows.

Theorem 2 (completeness)The satisfiability procedue
for Arr is complete

5. Complexity analysis

Obsene thateachapplicationof (w-elim) or (partial-eq)
leadsto onenew subgoalfor eachelementof the indexing
setZ in therule. Thesizeof 7 is easilyseento bebounded
by thesize N of theoriginalgoalT". Soary deductionfrom
T" may be viewed asa treewith branchingfactorno more
thanN. It is not hardto shaw, in fact,that V is anupper
boundonthenumberof branchinghodesn thetree,sothere
areatmostO(NY) = O(2"'& ) branches.Eachbranch
canbe shavn to be of polynomiallength,sothe algorithm
runsin worst-casexponentiaktime.

Theorem 3 (NP-completeness)The problem of testinga
conjunction of literals for satisfiability in Arr is NP-
complete

Proof Downey and Sethishoved that a subproblemof
the problemdecidedhereis NP-hard[4]. To show thatthe
problemis in NP, obsene that the size of the model con-
structedin the previous sectionfor a goalI" in corvenient
normalform is polynomialin the sizeof I'. The corver-
sion of a normalgoalto corvenientnormalform incursat
mosta polynomialexpansionof thegoal. Sothesizeof the
modelconstructeds polynomialin the size of the normal
goal. Hencea model canbe nondeterministicallyguessed
in polynomialtime. Checkingwhetheror nota conjunction
of literalsis satisfiedby a modelcanbe donedeterministi-
cally in polynomialtime. So satisfiabilityof a conjunction
of literals canbe checled nondeterministicallyin polyno-
mial time. O

6. Extensions

In this section,several extensionsto the refutationpro-
cedurefor Arr areconsidered.Dueto lack of space cor-
rectnesproofsareomitted.

6.1 Propagatingall entailed equations

Full incorporationof the satisfiabilityprocedurento the
framework for cooperatingprocedure®f [2] requiresthat
theprocedurecandiscover all equationsdbetweertermsoc-
curring in a satisfiablegoal that are entailedby that goal.

Theprocedurdor Arr alwaysdoesthis for index termsbut
notalwaysfor arrayterms.If therulesof Figure3 areadded
to phase2, however, it canbe shawn thatif ¢ andt’ arear
ray termsin anormalgoalthatareentailedto beequal then

*

t = t.

F, a =7 b, b =7 C, a4 =7y’ C

(trans2) T.a=70 b=y c
whereZ # ¢ andZ' # 0
Fv ﬁ(ﬁa a:i,Ib Fa ¢7 a':Ib
(patch) T, a — b

where¢ isreada, i) = readb, i)

Figure 3. Rules to propagate entailed equa-
tions

6.2 Propagatingproperly entailed disjunctions

Definition 9 (proper entailment of disjunctions) A dis-
junction that is entailed when neither of its disjunctsis
entailedis saidto be properlyentailed

Incorporatingthe procedurento the framework of [2] also
requiresit to have the following property Let ¢ and) be
equationsvhosesidesappeain goalT'. If theproceduree-
portsT satisfiablethenI” cannotproperlyentail¢ v 4. The
original procedureor Arr doesnhot have this property;an
exampleis thenormalgoala =;; b,a =¢;; b,readb, i) =
v,readb, j) = v, which entailsi = j V a = b but nei-
theri = j nora = b. It canbe proved, however, thatthe
modifiedprocedureof section6.1 doeshave this property

6.3 Allowing constantarrays

Constantarraysare arraysthat storea single value for
all indices. The languageis extendedwith function sym-
bolsconst for eachvaluesortr, andthe following axiom
schemads added:

Vz:7.Vi:I.readconstz),i) = =z

The proceduref section6.1is modifiedto obtainapro-
cedurefor this extendedtheoryby addingthe rulesof Fig-
ure 4. (const-eliml)is addedto both phasesand (const-
symm)and (const-elim2)are addedto phase2. To ensure
thatthe conclusionof (const-elim2)entailsits premise the
simplifying assumptioiis madethattheinterpretatiorof the
type I of indicesis infinite. With this modifiedprocedure,
goalsthatarenormalwith respecto phase2 mayfail to be
normalwith respecto phasel. For example,the applica-
tions of constin the goal consfwrite(a, i,v)) = constb)



areremoved using (const-elim2)in phase2, but this adds
the equationwrite(a, 7, v) = b to the goal, which could be
analyzedwith the (w-elim) rule of phasel. Soit is neces-
saryto repeathe phases.

['[z]
['[readconstz), )]

(const-elim1)

I, a =7 constz)
I, constz) =z a
whereaq is not of theform consty)

(const-symm)

Lxz=y
I', constz) =z consty)

(const-elim2)

Figure 4. Rules to treat constant arrays

7. Conclusion

A refutation procedurefor an extensional theory of
multi-dimensionalarrays has been presentedand proved
correct. The theory Arr decidedessentiallysubsumesll
previouslydecidedarraytheories. Theprocedurés suitable
for incorporationinto aframework for cooperatinglecision
procedures.
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