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Abstract

A decisionprocedure for a theoryof arraysis of inter-
estfor applicationsin formal verification,program analy-
sis,andautomatedtheorem-proving. Thispaperpresentsa
decisionprocedure for an extensionaltheoryof arraysand
provesit correct1.

1. Intr oduction

A decisionprocedurefor a theoryof arraysis of interest
for applicationsin formal verificationandprogramanaly-
sis. Sucha procedureis alsoof valuefor theorem-provers.
The PVS theorem-prover [11] hasan undocumenteddeci-
sion procedurefor a theory of arrays[12], and HOL has
someautomaticsupportfor a theoryof arraysvia a library
for finite partialfunctions[3].

Two kindsof arraytheorieshavebeenstudiedpreviously.
Extensionaltheoriesrequirethatif twoarraysstorethesame
valueat index � , for eachindex � , thenthe arraysmustbe
the same. Non-extensionaltheoriesdo not make this re-
quirement.This paperis thefirst to presenta procedurefor
checkingsatisfiabilityof arbitraryquantifier-free formulas
in anextensionaltheoryof arraysandproveits correctness.

2. Theoriesof arrays

Decisionproceduresfor varioustheoriesof arrayshave
beenstudiedpreviously. Most of thesetheoriescanbe di-
videdinto extensionalandnon-extensionalvarieties.In this
section,several familiesof array theoriesareaxiomatized
in classicalfirst-ordermulti-sortedlogic with equality. The
theoryArr decidedin thispaperis thenpresentedandcom-
paredto previouslydecidedtheories.

1Thispaperwaspublishedin theproceedingsof the16thAnnualIEEE
SymposiumonLogic in ComputerScience(LICS), 2001.

2.1. The language

Sorts The languagehasa basicsort � for indicesinto
arrays. It alsohasvaluesorts,which arethe sortsof indi-
vidualsthatmaybestoredin arrays.Thesort � is thesort
for primitive valuesstoredin arrays.Thesetof valuesorts
is definedto betheleastset � satisfying

� ���	�
��
 ����
 array�����

Every valuesortexcept � is anarraysort. Thevaluesorts
togetherwith � areall the sortsof the language. � and �
neednot bedistinct.

Definition 1 (dimensionality of a valuesort) The dimen-
siondim� 
�� of a valuesort 
 is definedby

� dim��� �����
� dim� array� ��� dim� 
������
Terms The languagehas countably infinitely many

variablesandconstants,with countablyinfinitely many of
eachdistinct sort. The constantsareuninterpreted,in the
sensethey will not occur in any axiom or axiom scheme.
Thefunctionsymbolsof thelanguageare

� read� of type(array��
 �!
 
 ), for every valuesort

� write� of type(array�"
#�$
 
 
 array� ), for every

valuesort 

Subscriptson readandwrite will generallybeomitted. In-
formally, read��%'&(� � will denotethevaluestoredin array % at
index � , andwrite ��%'&(�)&(* � will denoteanarraywhich stores
thesamevalueas % for everyindex exceptpossibly� , where
it storesvalue * .

Termsarebuilt up in the usualway from constantsand
variablesusingthe functionsymbols.Termswhosesort is
an arraysort will be calledarrayterms. Termswhosesort



is � will be called index terms. The dimensiondim��% � of
anarrayterm % is thedimensionof its sort. If dim��% �+�-, ,
array % is saidto be , -dimensional.If ,/.0� , % is alsosaid
to bemulti-dimensional.

Formulas Theatomicformulasof thelanguagearethe
equationsbetweentermsof the samesort. Formulasare
built up from atomicformulasusingpropositionalconnec-
tivesandquantifiersin theusualway. A formulais closedif
it hasnofreevariables.A literal is anatomicformulaor the
negationof an atomicformula. A theory is a setof closed
formulas.

2.2. Theories

Sometheoriesrestrictwhicharraysortsareallowed.If a
theoryallowsarraysortsof dimensionatmost, , it is saidto
have just , -dimensionalarrays.If a theoryallows all array
sorts,it is saidto havemulti-dimensionalarrays.

The following scheme,which is schematicin a value
sort 
 , is calledthe read-over-write axiom scheme.Infor-
mally, it saysthat for all arrays% , indices � and 1 , andval-
ues* of suitabletype,readingthevaluestoredat index 1 of
write �2%'&(�)&(* � is * if thetwo indicesareequalandread��%'&31 �
if they aredifferent.

Axiom scheme1 (read-over-write)4 %�5 array�76 4 ��58�96 4 1:58�;6 4 *�5<�=6
�2� � 1�
 read� write ��%'&(�)&(* � &>1 �?� * �A@
�2�;B� 1�
 read� write ��%'&(�)&(* � &>1 �?� read�2%'&31 �C�

Thefollowingscheme,whichis schematicin avaluesort
 , is called the extensionalityaxiom scheme. Informally,
it expressesa principle of extensionalityfor arrays: if two
arraysstorethesamevalueat index � , for eachindex � , they
areequal.

Axiom scheme2 (extensionality)4 %�5 array�+6 4ED 5 array�+6
� 4 ��58�;6 read�2%'&C� ��� read� D &C� �(� 
#% � D

The extensionaltheoriesare thoseaxiomatizedby the
read-over-write and extensionalityaxiom schemes. The
non-extensionaltheoriesarethoseaxiomatizedby just the
read-over-writeaxiomscheme.Notethatsinceatheoryis a
setof closedformulas,quantifier-freearraytheorieshaveno
variables;all 0-arysymbolsare(uninterpreted)constants.

2.3. The theory Arr

The theoryArr decidedin this paperis the quantifier-
free fragment of the extensional theory with multi-
dimensionalarrayswheresort � is definedto besort � . So
indicesarethevaluesstoredin 1-dimensionalarrays.

The restriction to the quantifier-free fragmentis justi-
fied by the fact that the fully quantifiedtheoryis undecid-
able, even in the absenceof the function symbolswrite�
and the read-over-write scheme. This is becausesingle-
sortedfirst-ordertheorieswith functionsymbolsandequal-
ity may be translatedinto this array theory in sucha way
that a first-orderformula is valid if f its translationis. The
translationmapsconstantsymbolsto index constants,, -
ary function symbols to , -dimensionalarray constants,
and terms like FG�H�(IJ&K6L6K6M&(�ON � to nestedread expressions
read�P6L6K6 read� read�3FRQ�&C�OQ I � &C�>QS � 6L6K6L&C�>QN � , where FRQ2&C�OQ I &L6K6L6L&C�OQN
arethe translationsof F'&(�(IT&K6L6K6L&(�ON . Theundecidabilityre-
sultsfor classicalfirst orderlogic with justfunctionsymbols
andequality(see,e.g.,[5]) canthenbeappliedto show that
evenquiterestrictedquantifiedfragmentsof theextensional
theoryof arraysareundecidable.

A decisionprocedurefor Arr may be useful even for
applicationswhich requirea fully quantifiedlogic. Many
theoremprovers,suchas the widely usedPVS [11], pro-
videstrategiesto reducegoalsto subgoalsin decidablefrag-
mentsof their logic.

2.4. Comparisonwith relatedwork

In thissection,relatedwork is summarizedby describing
whichtheoriesaredecided.Thesetheoriesoftenuseaxiom-
atizationsdifferentfrom but equivalentto thatof Arr . All
the theoriesdecidedarequantifier-free. Kaplanis theonly
oneto distinguishthesorts � and � . Many of theprevious
theoriesallow arithmeticoperatorsor uninterpretedfunc-
tionsover sort � to beusedin additionto thesymbolsread
andwrite. Therestrictionhereto just theessentialtheoryof
arraysis justifiedby thefact that,aswill beshown in Sec-
tion 6 below, thesatisfiabilityprocedurefor Arr is suitable
for incorporationinto aframework for cooperatingdecision
procedures[2]. In suchaframework,separatedecisionpro-
ceduresfor arithmeticanduninterpretedfunctionsmay be
combinedwith thedecisionprocedurefor Arr to decidethe
combinedtheory.

Thefirst two workspresentaxiomsbut no decisionpro-
cedurefor their theories. With the exceptionof Levitt’s
work, the othersgive decisionproceduresfor theoriesthat
arestrictly weaker thanArr , eitherbecausethey restrictthe
form of formulasin thetheory(e.g.,to just equations),dis-
allow equationsbetweenarrays,or arenon-extensional.

McCarth y In [8], McCarthy introducesthe function
symbolsreadandwrite andgivesaninformalsemanticsfor
anextensionaltheoryof arraysbasedon them.

Collins and Syme Collins andSymepresentin HOL
a theoryof finite higher-orderpartial functionssimilar to a
theorywith multi-dimensionalarrays[3].

Kaplan In [6], Kaplangivesa decisionprocedurefor a
non-extensionalequationaltheorywith just 1-dimensional



arrays. He considersequationsbetweenindex termsonly,
which is reasonablesincehis theorycontainsno non-trivial
equationsbetweenarrays.Hethenshowshow to extendhis
procedureto decideanextensionalequationaltheory, where
theequationsmaybebetweenarrayaswell asindex terms.
He imposesthe restrictionthat distinct variablesof sort �
mustreceivedistinctinterpretations.

Suzuki and Jefferson In [15], Suzuki and Jeffer-
sonpresenta decisionprocedurefor a theorywith just 1-
dimensionalarrays,whereequationsbetweenarraysarenot
allowed. The theoryhasaxiomsfor extensionalityandthe
existenceof constantarrays(arraysthatstorethesamevalue
at all indices),but theseappearto beincludedfor technical
reasonsonly; the theory decidedis equivalent to the one
without thoseaxiomsunder the restrictionsthey impose.
They extendtheir procedureto decidea theorywith a new
predicatesymbol PERM, wherePERM��%'& D � holds if f the
multisetof the valuesstoredin % is containedin the mul-
tiset of the valuesstoredin

D
. Sentencesof the theoryare

restrictedto the form UV
 PERM��%'& D � , where U is any
(quantifier-free)sentencenot containingPERM. Arr does
not have the PERM predicate,but inspectionof the way
SuzukiandJeffersonextendtheir algorithmto treatPERM
showsthatit couldjustaseasilybeusedto extendthealgo-
rithm for Arr , aslong astheir restrictiondisallowing equa-
tionsbetweenarraytermswereretained.

Downey and Sethi In [4], Downey andSethipresent
a decisionprocedurefor an extensionalequationaltheory
with just 1-dimensionalarrays. Equationsbetweenarray
termsareallowed.They provethatdeterminingtheinvalid-
ity of anequationin their theoryof arraysis NP-complete.

Nelsonand Oppen In [10], NelsonandOppendescribe
anextensionaltheoryof arrays.Their theoryallows multi-
dimensionalarrays. They do not presenttheir satisfiabil-
ity procedurefor theextensionaltheory, but in [9], Nelson
givesadetailedpresentationof asatisfiabilityprocedurefor
anon-extensionaltheory.

Levitt In Chapter5 of hisPhDthesis[7], Levitt presents
a decisionprocedurefor an extensionaltheory of arrays
basedon solving equationsand canonizingterms, in the
style of Shostak[13]. A detailedproof of correctnessis
not given, andhasproved elusive to the authors. In con-
trast,a detailedproof of correctnessis givenbelow for the
procedurefor Arr .

3. The satisfiability procedure for Arr

Arr is decidedby arefutationprocedure.Theprocedure
decidessatisfiabilityof conjunctionsof literals, which are
equationsanddisequationsbetweenterms.Decidingsatis-
fiability of arbitrarybooleancombinationsof atomicformu-
las canbe reducedto this problemby well-known means.
A conjunctionof literalswhosesatisfiabilityis to betested

will be calleda goal. Commawill be usedto denotecon-
junction.Two goalsaresaidto beequisatisfiablewhenone
is satisfiableif f theotheris.

3.1. Inf ormal overview

The procedureworks in two phases.In the first phase,
theoriginal goal is transformedinto a setof subgoalssuch
that (i) no subgoalcontainswrite and(ii) the original goal
is satisfiableif f oneof the subgoalsis. Eliminating write
expressionsis straightforward except when they occur as
theleft or right handsideof anequation.How to eliminate
suchoccurrencesof write expressionsis thecrucial insight
of thisalgorithm.

Definition 2 ( � )

% �;W D X def
4 ��58�;6J�7B��Y�
 read�2%'&C� ��� read� D &C� �

Formulasof theform % � W D with Y0B�[Z are calledpartial
equations.

Thecrucialobservationis that

write ��%\&C�)&(* ��� D]X ��% �_^C`ba D @ read� D &(� ��� * � 6
write expressionsoccurringassidesof equationsmaythus
beeliminatedby introducingpartialequations.

The secondphaseof the procedureis basedon the ob-
servation that in the absenceof write, arraysbehave like
uninterpretedfunctionsandreadbehaveslike functionap-
plication. Soin theabsenceof write, a congruenceclosure
algorithm(cf. [1]) couldbeusedto decidethe theory. The
algorithmmustbemodifiedto work with partialequations
aswell asequations,but thiscanbedone.Forsimplicity, the
verysimplecongruenceclosurealgorithmdescribedin [14]
is used,but it shouldbepossibleto modify amorecomplex
algorithm.

3.2. Formal presentation

Figure1 presentsour procedureasa proof system.The
proof system determinesa non-deterministicprocedure,
whererules are appliedbottom-upto analyzea goal into
oneor more subgoals.The systemmay be thoughtof as
a rewrite system,where,for eachrule, the goal below the
line is rewritten to the subgoalsabove the line. The sys-
tem resemblesa Gentzen-Scḧutte systemwhereonly left
rulesof the correspondingsequentsystemareused(i.e., a
sequentsystemwheresequentsare restrictedto be of the
form cedgf ). Thederivableobjectsof this systemaresets
of literals. It is intendedthata setof literalsbederivableif f
theirconjunctionis unsatisfiable.A deductionof agoalis a
treeobtainedby applyingtheproof rulesbottom-upto that
goal. A goal to which no rule canbe appliedis saidto be
normal.



Phase1:

(ext)

h_i
readj(k imlGn�op readj(q imlGnhri k op q s is not freein theconclusion;% and

D
arearrays

(r-over-w)

h"tvuAwCiEx pzy h"t
readjCk i y nMwCi{x|op}yh$t

readj write jCk iJxTiTu�nmi y nMw

(w-elim)

h_i k p�~ q iExr��� h_i k p	�3� ~ q i readjCq iJx�n p u�i�x�o���h_i
write j(k iTxTiJu�n p�~ q

(w-elim-helper)

h_i q p�~ kh_i k p�~ q D
is awrite expression,and % is not

Phase2:

(partial-eq)

hri k p�~ q i readjCk iJx)n p readjCq iJx)n8iEx|o��� h_i k p!~ q iExr�=�h_i k p�~ q
where %|� D ; Y�B��Z ; read��%'&(� � occursin c

(trans)

hri k p�~ q i k p�~\��� i q p�~R�8~\���h_i k p!~ q i k p!~���� Y�B��Z andY Q B��Z

(subst)

h"tv��wCi�� p �h$t ��wCi{� p � � ���'& � B� � , � not in c��O�

(symm)

hri{� p�~ �hri�� p�~ � ��� �

Both phases:

( � -split)

h_i{x p}y h_iExr���
hri{x"� j y i���n ( B� -expand)

h_iEx!o�=�|iEx|opzyh_iEx|o� j y i���n

( � -empty) h_iExr�0� (ax) h_i{��op �
Figure 1. The decision procedure as a proof system



Thesystemhastwo phases.Somerulesmaybeapplied
in just one phase,while othersmay be applied in either
phase.The rulesof phase1 areappliedto a goal until no
rule applies,andthentherulesof phase2 areapplied.The
procedurestopsandreportsthat theoriginal conjunctionis
satisfiableif it encountersa normalsubgoal.Otherwise,it
reportsthattheoriginal goalis unsatisfiable.As mentioned
before,phase2 is amodifiedcongruenceclosurealgorithm.
Thecorecongruenceclosurealgorithmconsistsof just the
rules(symm)and(subst)[14].

The set-theoreticoperatorshave their usualmeanings;
note that �)&3Y denotes�K���_��Y , where Y doesnot contain� . c��P� denotesa context, which is an expressioncontain-
ing oneor moreoccurrencesof a singlefreevariable.The
expressionobtainedby substitutingthe term   for the con-
text’s freevariableis written c?�  >� . In therule (subst),since
thesideconditionrequiresthat c��P� containno occurrences
of theterm � , applying(subst)replacesall occurrencesof �
in c�� � � with the term � . � denotessyntacticidentity. The
symbol ¡ denotesan orderingon termsby size,which is
definedontermsin theusualway. Let � ¡�� if f � and � are
suchthat thesizeof � is lessthanor equalto thesizeof � .
Thevariants� and � arederivedfrom ¡ in theusualway.

3.3. Avoiding non-termination in phase2

In phase2, applicationsof (partial-eq)and(trans)must
be restrictedto avoid certainsourcesof non-termination.
Thereis nothingpreventing(partial-eq)and(trans)from be-
ing appliedrepeatedlywith thesamepartialequations,be-
causefor bothrules,thepartialequationsareretainedin the
goal. For (partial-eq),this form of non-terminationmaybe
preventedby addinga sidecondition to the rule that pre-
vents it from being applied if, informally, read�2%'&(� � and
read� D &(� � arealreadyknown to be equalor if � is already
known to beequalto anelementof Y . Formally, theproce-
durecantestwhetheror not   and  PQ arealreadyknown to
beequalby applyingall therulesof phase2 except(partial-
eq) and(trans)to the currentgoal with  �B�  PQ added,and
seeingwhetheror not thatgoal is reportedunsatisfiable.If
neither( � -split) nor ( B� -expand)appliesto thecurrentgoal,
thenthisisequivalentjustto comparingnormalformsasde-
terminedby the corecongruenceclosurealgorithm. So in
animplementation,this non-terminationmayeasilybepre-
vented. A similar approachcanbe usedto prevent (trans)
from beingappliedrepeatedlyto thesameformulas.There-
quiredmachinery,however, hasbeenomittedfromtheproof
systemfor simplicity.

4. Corr ectnessof the Procedure

A satisfiabilityprocedureis soundif f whenit reportsa
goal unsatisfiable,the goal is indeedunsatisfiable.A pro-

cedureis completeif f whenit reportsa goalsatisfiable,the
goal is indeedsatisfiable.A procedureis correct if f it ter-
minateson all inputs,andit is soundandcomplete.In this
section,a detailedproof of completenessfor thesatisfiabil-
ity procedurefor Arr is given. Theproof of terminationis
routineandomittedfor lack of space.Thefollowing theo-
remimpliessoundness.

Theorem1 (equisatisfiability) The conclusion of each
rule of thesystemis satisfiableiff oneof its premisesis sat-
isfiable.

Proof: Theproof is routine.Considerjust therule (trans).
If % �;W D and % �;W£¢;¤ aretrue in somemodel, thenit is
easyto seeby the definition of � that

D �;W¦¥8W£¢7¤ is also
truein somemodel.If ¤ agreeswith % atevery index except
thosein Y�Q and % agreeswith

D
at every index exceptthose

in Y , thenclearly �{B�!Y§�:Y�Q impliesthat ¤ agreeswith % at� andalsothat % agreeswith
D

at � . Hence,¤ agreeswith
D

at � . For theotherdirection,if thepremisehasa model,so
doestheconclusion,sincetheconclusionis a subsetof the
premise.̈

Recallthatanormalgoalis oneto whichnoruleapplies.
By theequisatisfiabilitytheorem,to provecompletenessof
the algorithm it suffices to show that any normal goal is
satisfiable.Thismaybedoneby constructinga modelfor a
normalgoal.Thefollowing lemmais easilyestablished.

Lemma 1 (effectof phase1) A goal that is normal with
respectto phase1 of the algorithm containsno write ex-
pressionsandno disequationsbetweenarrayexpressions.

4.1. A convenient form for normal goals

In preparationfor constructinga model, several trans-
formations,which arenot actuallyperformedby the algo-
rithm,areappliedto anormalgoalto giveanequisatisfiable
normalgoal c , which is in a moreconvenientform. If the
normalgoalcontainsequationsof the form � � � , clearly
they mayberemovedandtheresultwill beequisatisfiable.
Next, modify thegoalby doingthefollowing. Let © bethe
goal as it currently stands. If thereis a term of the form
read�2%'&(� � in © thatis not theleft handsideof any equation
in © , choosea constantsymbol ¤ not occurringin © , and
modify © by replacingread�2%'&C� � everywherein it with ¤
andaddingtheequationread�2%'&C� �{��¤ to it. If thereis no
suchterm read��%'&(� � in © , stop. It is easyto show that the
resultinggoalis normalandequisatisfiablewith theoriginal
normalgoal.Thisresultinggoalconsistsof formulasof one
of thefollowing four forms,where � , � , and ª areconstant
symbols:

I. read� � &(� ��� ª



II. � B� �
III. � � W � , whereeveryelementof Y is aconstantsymbol

IV. � � �
Sincethis resultinggoal is normal,no formula � � � of
theform (IV) hasits left handsideappearinganywhereelse
in the goal,sinceotherwise(subst)would apply. Let c be
this resultinggoal,exceptwithout theequationsof theform
(IV). c will be saidto be in convenientnormal form. Any
model « of c maybeextendedto a modelof c with those
equationsof theform (IV) by giving thesameinterpretation
for the constant� asfor the constant� , if « interprets� ,
anda singlearbitraryinterpretationfor both � and � other-
wise.

4.2. Construction of a model

In this section,a kind of term model for the goal c in
convenientnormalform is constructed.Severaldefinitions,
in termsof c , arerequired.The fact that the corecongru-
enceclosurealgorithm(rules(subst)and(symm))is correct
is used(see[14] for theproof).

Definition 3 ( 
 and ¬ ) Let 
 and ¬ betheternary
relationsdefined,respectively, by

%�
 W D iff �2% � W D � ��c
%�¬ W D iff � D � W % � ��c

Notethatfor any Y , 
 W and 
 W neednotbesymmetric,
since �2% �;W D � ��c doesnot imply � D �;W % � ��c .
Definition 4 ( ­ ) Let ­ bethe leastternary relationsat-
isfying

1. %�­{®7% , for everyarrayconstant% appearingin c
2. �2%:
 W D �A¯ � D 
 W % � 
#%:­ W D

Definition 5 ( °­ ) Let °­ betheleastternaryrelationcon-
taining ­ andsatisfying

�3± ¤ 6²%�­ W!¤G@	¤ °­ W£¢ D � 
³%�°­ W¦¥8W¦¢ D
Definition 6 ( °­ ) Let °­ bethebinary relationdefinedby

% °­ D iff ±GY�6²% °­ W D
Thecontext will helpdistinguish °­ and °­ . Notethat °­

is anequivalencerelation.

Definition 7 (chains) A chain of applicationsof a ternary
symbol ´ like ­ or 
 , called an ´ -chain, is definedto
bea conjunctionof theform �2%µI+´ W8¶ % S ��@ �2% S ´ Wm· %£¸ ��@6L6L6 @ ��%£N£¹ºI�´ Wm»²¼<¶ %<N � , with ,]½�¾ .

� Thechain is denoted�2%µI�´ W¿¶ % S ´ Wm· 6L6K6�´ W²»m¼<¶ %£N � 6
��, is the lengthof thechain.

� Theunionalongthechainis definedto be À I)Á�ÂMÃ'N Y\Â .
� The chain is said to be from � to � iff % I � � and% N � � .

a a’ b

a a’ b

a
a’

b’

c

b

Figure 2. Standar d forms for ­ -chains

Lemma 2 (standard form for chains) Suppose% °­ W D ,
with Y�B��Z . Thenoneof thefollowing is true:

i. there is a 
 -chain from % to
D

or from
D

to % , where
theunionalongthechain is Y

ii. for some¤ , thereis a 
 -chainfrom % to ¤ andanother
from
D

to ¤ , wheretheunionof theunionsalongthetwo
chainsis Y .

Figure2 showsthepossibilities.

Proof Let Ä be a ­ -chain % I ­ W ¶ 6K6L6�­ W »m¼<¶ % N from% to
D
, with Y � À I�Á ` Á'N£¹AI Y ` . Assume Ä is of mini-

mal lengthof all suchchains. For every � with �/Å � Å,�ÆÇ� , let È ` be either 
 W²É or ¬ WmÉ , and supposewe
have %¦I-È ` 6K6L6!È�N¦¹ºI�%<N . It is easyto prove that if
this latter chain is not of one of the forms describedin
(i) and (ii), there must be an � with �ËÊ � ÅÌ,�ÆÇ�
such that È ` ¹AI is ¬ WmÉb¼<¶ and È ` is 
 WmÉ . So we have% ` ¹AI]¬ WmÉb¼<¶ % ` 
 WmÉ % `ÎÍ I . So both % ` � W²ÉH¼<¶ % ` ¹AI and% ` � W²É % `ÎÍ I arein c . It mustbethecasethatboth Y ` ¹ºI andY ` arenon-empty, sinceotherwise(subst)wouldapplyto re-
placetheleft handsideof oneof thoseequationsby theright
handsideof the other. No rulescanapply, since c is nor-
mal. Sinceboth Y ` ¹ºI and Y ` arenon-empty, (trans)would
beapplicable,unlesstheconditionsdescribedin Section3.3
for preventingnon-terminationwerekeepingit from being
applied. This implies that either % ` ¹AI � W²ÉH¼<¶O¥8WmÉ % `ÏÍ I or% `ÎÍ I � W²ÉH¼<¶P¥8WmÉ % ` ¹AI is in c , since %µI and % S mustbetheir



own normal forms as determinedby the core congruence
closurealgorithm. Hence,we have % ` ¹AIe­ WmÉb¼<¶O¥8WmÉ % `ÎÍ I .
Sothechain % I ­ W ¶ 6L6K6C% ` ¹ºI ­ W Éb¼<¶ ¥8W É % `ÎÍ I 6L6L6£­ W »m¼<¶ % N ,
whoseunion is Y , hassmallerlengththan Ä . This contra-
dicts the assumptionthat Ä is of minimal length of such
chains. ¨

Now an interpretation,given asa function � � � � from the
constantandfunctionsymbolsof c to their interpretations,
is defined. � � � � is definedto mapevery constantsymbol %
of basictype � to % itself. � � � � will maparrayconstantsto
functions.To satisfyextensionality, functionsthatgive the
samevaluefor every input arerequiredto be equal. First

let f{Ð be a new symbolnot occurringin c , for every °­ -
equivalenceclass Ä . Define � � read� � to be the operationof
functionapplication,exceptthatwhenit is given f Ð , it may
just return f Ð . Intuitively, for anarrayconstant% , � � %¿� � will
bea functionmappingall but a finite numberof inputsto a

default value f{Ð . Formally, suppose% is in °­ -equivalence
class Ä . Define � � %¿� � to be the function that returns f{Ð for
every input,exceptthoseassignedvaluesby thefollowing:

Definition 8 (interpretation of array constants)
for everyconstantsymbol

D
of thesametypeas % ,

for everysetY such that %�°­ W D ,
for everyindex constant� not appearingin Y ,
if read� D &C� ��� � ��c for some� , then
thevalueof � � %¿� � for input � � �3� � is definedto be � � � � � .

Notice that the body of Definition 8 may specify the
valuefor � � %¿� � oninput � morethanonce.Sofor � �O� � to bewell-
defined,if thevalueof � � %8� � on input � is specifiedto be � � � I � �
and � � � S � � , we need � � � I)� � � � � � S � � . So if % °­ W D and % °­ W£¢ ¤
with � not in Y andnot in Y�Q , thenfor � �P� � to bewell-defined,
it mustbethecasethatif read� D &C� ��� � I & read� ¤ &(� ��� � S �
c , then � � � I)� � � � � � S � � . Sincetheconditions% °­ W D , % °­ W ¢º¤ ,
� not in Y , and � not in Y�Q togetherimply

D °­ W¦¥8W ¢?¤ and �
not in Y��"Y�Q , thefollowing lemmasufficesto provethat � �P� �
is indeedwell-defined.

Lemma 3 (well-definednessof � �P� � ) If %}°­ W D , � not in Y ,
andread��%'&(� ��� � I & read� D &(� ��� � S ��c , then � I � � S .

The proof of this lemma relies on the following sub-
lemma.

Lemma 4 (certain readsequal alongchains) Suppose%¦I²&L6K6L6M&�%<N , and � are such that %µI$
 W¿¶ 6L6K6º
 Wm»²¼<¶ %£N for
someY�Im&L6K6L6M&3YºN£¹ºI , where � is not in À I)Á�ÂMÁ'N£¹AI Y\Â . Sup-
posethere is a constant� such that read��% I &C� �r� � ��c .
Thenread�2% N &(� ��� � �	c .
Proof Theproofis by inductionon , . Thebasecaseis triv-
ial. For the inductioncase,supposeread�2%µIJ&C� �r� � �=c .

Since c is normal, no rules can apply. So we must haveY�I|B�ÑZ , sinceotherwise(subst)would applywith %µI � % S
and read�2% I &(� � . Furthermore,since (partial-eq) cannot
apply, it mustbethecasethattheconditionsof Section3.3
for preventingnon-terminationare what is prohibiting its
applicationwith % I �;W ¶ % S and read�2%'&C� � . In particular,
it must be the casethat read��% S &(� � is alreadyknown to
be equalto read��%µIJ&(� � . The otherpossibility, namelythat� is known to be equal to an elementof Y , is excluded
because� is not in Y by hypothesis,and correctnessof
the corecongruenceclosurealgorithm would require � to
appearin Y in a normalgoal if � wereknown to be equal
to anelementof Y . For read�2%µIJ&C� � andread�2% S &(� � to have
thesamenormalform with respectto the corecongruence
closurealgorithm, we must have read�2% S &(� ��� � �Òc ;
this follows from thedefinitionof convenientnormalform.
Now the inductionhypothesismay be appliedto conclude
thatread�2% N &(� ��� � �	c . ¨
Proof (of Lemma 3) Suppose%Ó°­ W D and supposeYÔB�ÔZ . Then by Lemma 2, there is either a 
 -chain
from % to

D
or from

D
to % , or there is a constant ¤

such that there is a 
 -chain from % to ¤ and another
from
D

to ¤ . By Lemma 4, in the first case either
read� D &C� ��� � I{��c or read��%'&(� ��� � S ��c , andin thesec-
ond, read� ¤ &C� �;� � Im& read� ¤ &(� �9� � S �/c . Since c is nor-
mal, for all � , � , and ª , read� � &C� �7� �R& read� � &(� �7� ª��ec
implies � � ª , since otherwise (subst) would apply.
So in either case, � I � � S . If Y �ÕZ , then it must be
the casethat % � D , since read��%'&(� � and read� D &C� � are
both in c ; otherwise, (subst) would apply. But again,
read�2%'&(� ��� � & read��%\&C� ��� �!��c impliesthat � � � . ¨
Lemma 5 (correctnessof the constructedmodel) The
model constructedin the previous sectionsatisfiesevery
formulaof thegoal c in convenientnormalform.

Proof Considerthe types(I), (II), and (III) of formulas
from the list in section4.1; recall that goalsin convenient
normalform consistof formulasof just thesetypes.

CaseI: read � � &(� ��� ª Since � is anarrayconstant,� ­{® � , andsotheconstructionof Definition 8 will assign
thevaluethatfunction � � � � � takeson argument� � �<� � to be � � ª8� � .
Hence � � read� � &C� � � � � � � ª8� � .

CaseII: � B� � Sinceall disequationsin c arebetween
index expressions,� and � mustbeindex constants.Hence,� � � � � � � and � � �<� � � � , by construction.If � � � , thenthe
goalwouldnotbenormal,because(ax)wouldapply. Sothe
interpretationsatisfies� B� � .

CaseIII: � � W � It mustbe shown that for every
index constantnot in � � YG� � , � � � � � and � � �<� � give thesamevalue.� � � � � and � � �<� � havethesamedefaultvaluesincethey arein the

same °­ -equivalenceclass.For thoseindex constants� not



in Y thatappearin aformulaof theform read�2�'&C� �G� ª:��c ,
they storethesamevalues,by Definition 8. ¨

From the fact that a model hasbeenconstructedfor a
normalgoal,themainresultnow follows.

Theorem2 (completeness)The satisfiability procedure
for Arr is complete.

5. Complexity analysis

Observethateachapplicationof (w-elim) or (partial-eq)
leadsto onenew subgoalfor eachelementof the indexing
setY in therule. Thesizeof Y is easilyseento bebounded
by thesize Ö of theoriginalgoal c . Soany deductionfromc may be viewed asa treewith branchingfactorno more
than Ö . It is not hardto show, in fact, that Ö is an upper
boundonthenumberof branchingnodesin thetree,sothere
areat most ×:�2Ö�Ø �r� ×:� ¾ Ø:Ù ÚµØ � branches.Eachbranch
canbeshown to beof polynomiallength,so thealgorithm
runsin worst-caseexponentialtime.

Theorem3 (NP-completeness)The problem of testinga
conjunction of literals for satisfiability in Arr is NP-
complete.

Proof Downey and Sethi showed that a subproblemof
theproblemdecidedhereis NP-hard[4]. To show that the
problemis in NP, observe that the sizeof the modelcon-
structedin the previous sectionfor a goal c in convenient
normal form is polynomial in the sizeof c . The conver-
sion of a normalgoal to convenientnormalform incursat
mostapolynomialexpansionof thegoal.Sothesizeof the
modelconstructedis polynomial in the sizeof the normal
goal. Hencea modelcanbe nondeterministicallyguessed
in polynomialtime. Checkingwhetheror notaconjunction
of literals is satisfiedby a modelcanbedonedeterministi-
cally in polynomialtime. Sosatisfiabilityof a conjunction
of literals canbe checked nondeterministicallyin polyno-
mial time. ¨
6. Extensions

In this section,several extensionsto the refutationpro-
cedurefor Arr areconsidered.Due to lack of space,cor-
rectnessproofsareomitted.

6.1. Propagatingall entailedequations

Full incorporationof thesatisfiabilityprocedureinto the
framework for cooperatingproceduresof [2] requiresthat
theprocedurecandiscoverall equationsbetweentermsoc-
curring in a satisfiablegoal that areentailedby that goal.

Theprocedurefor Arr alwaysdoesthis for index termsbut
notalwaysfor arrayterms.If therulesof Figure3 areadded
to phase2, however, it canbeshown that if   and  PQ arear-
raytermsin anormalgoalthatareentailedto beequal,then

  °­�®9 PQ .
(trans2)

h_i k p�~ q i q p!~ � � i k p�~R�8~ � �h_i k p�~ q i q p�~ � �
whereY�B��Z andY�Q�B��Z

(patch)

h_irÛrÜ;i k p	�3�K~ q h_i_Ü;i k p�~ qh_i k p	�3�L~ q
where Ý is read�2%'&(� ��� read� D &C� �

Figure 3. Rules to propagate entailed equa-
tions

6.2. Propagatingproperly entaileddisjunctions

Definition 9 (proper entailment of disjunctions) A dis-
junction that is entailed when neither of its disjuncts is
entailedis saidto beproperlyentailed.

Incorporatingtheprocedureinto the framework of [2] also
requiresit to have the following property. Let Ý and Þ be
equationswhosesidesappearin goal c . If theprocedurere-
ports c satisfiable,then c cannotproperlyentail Ý ¯ Þ . The
original procedurefor Arr doesnot have this property;an
exampleis thenormalgoal % �_^C`ßa D &C% �_^ Â a D & read� D &C� ���*\& read� D &>1 ��� *£Q , which entails � � 1 ¯ % � D but nei-
ther � � 1 nor % � D . It canbe proved,however, that the
modifiedprocedureof section6.1doeshavethis property.

6.3. Allowing constantarrays

Constantarraysarearraysthat storea single value for
all indices. The languageis extendedwith function sym-
bolsconst� for eachvaluesort 
 , andthe following axiom
schemais added:4 � 5 
 6 4 ��58�;6 read� const� � � &(� �à� �

Theprocedureof section6.1is modifiedto obtainapro-
cedurefor this extendedtheoryby addingthe rulesof Fig-
ure 4. (const-elim1)is addedto both phases,and (const-
symm)and(const-elim2)areaddedto phase2. To ensure
that theconclusionof (const-elim2)entailsits premise,the
simplifyingassumptionis madethattheinterpretationof the
type � of indicesis infinite. With this modifiedprocedure,
goalsthatarenormalwith respectto phase2 mayfail to be
normalwith respectto phase1. For example,the applica-
tions of const in the goal const� write ��%\&C�)&(* �(�!� const� D �



areremoved using (const-elim2)in phase2, but this adds
theequationwrite �2%'&C��&C* �E� D to thegoal,which couldbe
analyzedwith the (w-elim) rule of phase1. So it is neces-
saryto repeatthephases.

(const-elim1)

h"t ��w
h"t

readj constj �?nmiJx�n�w

(const-symm)

h_i k p�~ constj �?nh_i
constj �?n p�~ k

where% is not of theform const�H� �

(const-elim2)

h_i�� p �h_i
constj �?n p�~ constj ��n

Figure 4. Rules to treat constant arrays

7. Conclusion

A refutation procedurefor an extensional theory of
multi-dimensionalarrayshas beenpresentedand proved
correct. The theoryArr decidedessentiallysubsumesall
previouslydecidedarraytheories.Theprocedureis suitable
for incorporationinto a framework for cooperatingdecision
procedures.
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